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A COUNTEREXAMPLE CONCERNING THE RELATION
BETWEEN DECOUPLING CONSTANTS AND UMD-CONSTANTS

STEFAN GEISS

ABSTRACT. For Banach spaces X and Y and a bounded linear operator
T:X —Y we let p(T) := inf ¢ such that
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for all finitely supported (z;)32, C X and all 0 = 70 < 71 < ---, where
(hx)g2, C L1[0,1) is the sequence of Haar functions. We construct an operator
T : X — X, where X is superreflexive and of type 2, with p(T") < co such that
there is no constant ¢ > 0 with
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In particular it turns out that the decoupling constants p(Ix), where Ix is
the identity of a Banach space X, fail to be equivalent up to absolute multi-
plicative constants to the usual UMD-constants. As a by-product we extend
the characterization of the non—superreflexive Banach spaces by the finite tree

X
Ly

property using lower 2—estimates of sums of martingale differences.

INTRODUCTION

A Banach space X is called a UMD-space, where UMD stands for ‘unconditional
martingale differences’, whenever there is a constant 4 > 0 such that for all finitely
supported sequences (x)72; C X one has

(1) sup Z9khk$k <p thilik ,
=1

Op==1
R=E =1 L¥0,1) L¥[0,1)

where (hi)?2, C L1[0,1) is the sequence of Haar functions

flo =X P = X[o,) T X[30);
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and ‘finitely supported’ means that only finitely many of the x; are non—zero. It
can be easily seen that (1) is equivalent to the fact that, for some p, 7 > 0, one has
simultaneously

1| o0 2 % 0o
(2) / Z T (t)dl dt <p Z d;
¢ =1 LX[0,1) =ty

and

0o 1] o0 2 %
3) S d <7 / S n(t)d, dt

=1 L¥[0,1) 0 lhi=1 L¥[0,1)
forall 7o < 7 < 72 < ---, finitely supported (zx)32,; C X, and d; := i hrpxg,

k=7_1+1
where

Ty = Z hk (l = 1,2, )

20-1< k<2l

is the I-th Rademacher function. The importance of the UMD-property (see [7] and
[8] and the references therein) and the fact that there are applications of the UMD-
property using only one of the ‘decoupling’ inequalities (2) and (3) (cotype ¢ and
(2) imply martingale cotype ¢ in the notation of Section 1 and therefore convexity
properties of X due to [22]—the same holds for (3), the type, and smoothness
properties) justify a separate investigation of these decoupling inequalities as done
by D.H.J. Garling [11]. For example there is shown that (3) is much weaker than
the UMD-property since all subspaces of ¢; satisfy this inequality. Besides the
trivial implication (1) = (2) almost nothing is known in the general vector valued
case about the relation between (2) and (1). One subject of the present paper is to
clarify the following basic ‘quantitative’ question:

Q)
Let S(X) and p(X) be the best constants 3 in (1) and p in (2), respectively.
Is there some ¢ > 0 such that for all X one has 5(X) < ¢p(X)?

Before we start with our investigation let us mention a result of P. Hitczenko
[15] saying that there is an absolute constant ¢ > 0 (not depending on p !) such
that for all dyadic martingale difference sequences (d;)} C L1]0,1) (see Section 1)

and all 1 < p < oo one has
1 1 p ®
// dtds .
o Jo

Since the converse inequality is trivial we have in the scalar valued setting a very
strong relation between the deterministic transforms ), 6;d; and the ‘random trans-
forms’ ), rd;. This could indicate a closer relation between (1) and (2) than
between (1) and (3). Now let us start with

Z 0,d,
=1

sup
0,=%1

> r(t)di(s)
=1

<c
Lyp[0,1)

Definition 1. Assume that T : X — Y is a bounded linear operator between the
Banach spaces X and Y and that 1 < ¢ < co. Then
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(1) B4(T) :=inf B, such that for all finitely supported (xy)r C X

Z@khkak thzk
k=1

k=1
(2) pg(T) = inf p, such that for all 0 = 79 < 71 < --- and finitely supported

<p
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For the case when such a constant 5 > 0 or p > 0 does not exist we set 3,(T") =
and pg(T) = oo, respectively. In particular, let 5,(X) = B,(Ix) and pg(X)
pq(Ix), where Ix is the identity of the Banach space X.

I8

In Corollary A.2 we recall for 1 < ¢ < oo
1 1
C_Bq(') < Ba() < cqfly(-) and C_pq(') < p2(+) < cgpq(t)
q q

where ¢, > 0 depends on ¢ only. Therefore we set

B() = 02() and p() = pa2(")

but also use p4(-) to apply interpolation techniques. The sequence (d;);>o with
dp := 0 used in (2) and (3) is a martingale difference sequence with respect to
the filtration (F;);>0 where F; := o(ho, ..., hr,). Hence, applying an approximation
argument due to B. Maurey [20](Remarque 3) we obtain for an arbitrary martingale
difference sequence (d;)1", C L¥(Q, F,P) and 6, = £1

dSoTd| <MD d
=1 LY =1 L¥
and
1
1] n 2 2 n
/ S nTd| ] <pm)||>d
0 =1 L%’ =1 Lg(

Moreover, it is known that p(T) < B(T) = B(T’) where T' : Y’ — X' is the dual
operator acting between the norm—duals Y’ and X’ of Y and X, respectively.
Let us turn to the question (Q) posed above. If one conjectures a negative answer

ﬁ ((gzg = 0o which

requires sup,, 3(E,) = oo. The spaces /¥ and ¢4 should be canonical candidates
for this purpose. Using the validity of (3) for X = ¢; according to [11](Theorem 3)
one gets in the first case

one has to look for finite dimensional Banach spaces E,, with sup,,

Example 2. There is some ¢ > 0 such that for all T : Y — ¢; one has
p(T) < B(T) < cp(T).

In the second case we obtain
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Example 3. There is some constant ¢ > 0 such that for all ;3 > ag > --- > 0 one
has for Dy : loo — loo With Dy ((&)i) == (u&i),

1
—sup(l +logi)a; < p(Da) < f(Da) < esup(l +logi)a.

We shift the proof of Example 3 to the end of the introduction. In particular,
choosing g = --- =, =1 and 0 = apt1 = Qi = -+ One gets %(1 +logn) <
p() < B%) < ¢(1 + logn). The above examples show that the spaces ¢}
and £ do not provide a negative answer to question (Q). This leads in the next
step to the investigation of the interpolation spaces generated by the operator of
summation. The basic observation is the following: Although for the end points
of this interpolation one has p(£3") ~ p(f2.) ~ n we obtain for the interpolation
spaces a better estimate. So we can prove in Section 2 (for unexplained notation
see Section 1)

Theorem 4. There exist finite dimensional Banach spaces E, (n = 1,2,...) such
that the ly—direct sum X = @@, E, is a superreflexive Banach space of type 2 and
p(E})
SUp ——= = 00
n p(En)

Hence there is some T € L(X, X) with p(T) < co and p(T") = oco.

Recall that @, E,, is generated by the norm ||(z,)52,] = (307, Han?En)%
Observing 5(S) = B(S’) > p(S’) for an operator S we deduce from the above
theorem

Corollary 5. There exist finite dimensional Banach spaces E,, (n =1,2,...) such
that the ly—direct sum X = @, E, is a superreflexive Banach space of type 2 and

oy ) _
n p(En)
Hence there is some T € L(X, X)) with p(T) < oo and B(T) = co.

Hence the question (Q) from the beginning possesses a negative answer. By
Proposition 2.7 we actually show more, namely that for all 1 < o < 2 there is no
constant ¢ = ¢(«) > 0 such that for all Banach spaces X

p(X') < ep(X)*;

which implies the same for 5(X) < cp(X)* (concerning exponents o > 2 no results
in this direction are known, see Problem 4.2).

Let us comment on the type 2 property and the superreflexivity used in Theorem
4 and Corollary 5.

We begin with the type 2 property. On the one hand we get that the type 2
property, which is a fundamental property in the local theory of Banach spaces, does
not allow a uniform estimate 5(X) < cp(X). On the other hand the occurrence of
the type 2 property is not as surprising as it seems at first glance because of the
following reason: A straightforward application of Fubini’s theorem yields via

2

1| n :
(@) / Sa) [ S ma || @] <2vEnx)
0 =1

k=1,_1+1

Tn

Z hkxk
k=1

LY Ly
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an estimate closely related to (2). Unfortunately the estimate (4) requires (at least
up to now) a control of the number n of ‘blocks’ used in the left—hand side so that
we cannot use this observation (cf. Problem 4.1).

Let us turn to the superreflexivity. Denoting the best constant 7 in inequality
(3) by 7(X) we have 5(X) < p(X)7(X). Hence Corollary 5 implies that there is a
superreflexive X = @, E,, of type 2 with

] - B(En) _
7(X) bl}lp T(En) > 51711p (B

The examples of G. Pisier [21] and D.H.J. Garling [11](Theorem 4) also yield
superreflexive X (in fact of type 2 and a lattice with an upper 2—estimate, respec-
tively) with 7(X) = oo but do not include information about the relation between
the quantities () and p(-), which is the question of this paper. Nevertheless we
will use Pisier’s construction by exploiting additional information about the spaces
involved in this construction.

We will proceed as follows. Basic results about interpolation and in particular
about the interpolation spaces generated by the operator of summation due to
G. Pisier and Q. Xu [23] are recalled in Section 1. In Section 2 we verify Theorem 4.
The appendix contains the necessary material about the extrapolation techniques
needed in this paper. In Section 3 a characterization of the non-superreflexive
Banach spaces with the help of certain lower 2—estimates of sums of martingale
differences is obtained as a byproduct of the considerations made in Section 2.

Proof of Example 3. (1) The upper estimate of 3(D,,) is known and can be deduced
from Theorem A.1(a) if one uses ¢ = 2:

)

Z9khk (t)k

A- LOR ([O 1) ]:K) — L+ ([O 1), fK) and A <Z hkfk>

k=1

where 0, € {—1,1}, such that |Af]l2 = || f]l2-
(2) To prove the lower estimate for p(D,) it is obviously sufficient to show that

1
—(I+1logN) <p(¢X) for N=1,2,..
C

Moreover it is enough to do this for N = 4™ with n > 1. For this purpose we
construct i.i.d. f0, ... fN) € 1,]0,1) and i.i.d. ¢V, ...,g"N) € Ly(]0,1) x [0,1))
by

(i) - L (Lt Tou (1) (8)
FOs) =rp, () + DD ] | Tem ()
k=2 =1

and

k—1
i 1 + T (1 )
9t 8) = 1) (O)rg, ) (s +Z e ® ] < W )Mk)(s)

=1
where ¢;(k) := (i — 1)n + k. Tt is easy to check that

, , " 1
@] <2 (<l>> )> ) ==
|9 <2 and Axa(l9¥1z0) = (1) =%
where A is the Lebesgue measure on [0,1). Now we set

F .= (f(l), vy f(N)) € ij"vo [0,1) and G := (g(l), ...,g(N)) € ij"vo ([0, 1)2)
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so that ”FHL@Q’C < 2. On the other hand we obtain (cf. [2](Lemma 2.1))

Gl ex

LY ([0,1)x[0,1))

(1) (48 g
s Jot (1)

L1(([0,1)%[0,1)™)
n (A x )\)N< sup ‘g(l) (t',s")] = )

1<i<N

= o (o] <))

v

- N
> oaliclio4] |22
- _2'
Since for i = 1,...,N and kK = 1,...,n one has

— (1+7r
H ( Pi l)) T«pi(k) Q Span {hQ(i71)n+k71, ceey h2(i—1)n+k_1} )

where we omit the product H;:ll whenever k = 1, we observe that

Nn 2t—1
N
Git,s) = nt) | D hu(s)zx | € L7 ([0,1) x [0,1))
=1 k=211
if the x; € £ are taken from the representation F' = ZzNz_l hih. O

Remark 6. There is also a duality argument for the estimate 1log N < p(¢) due

to J. Wenzel [24] which is of interest if one does not need the independence of the

coordinates of F' and G, respectively. Using this argument one can choose F' and G
N

tobe Y, di(s) and >;" ; ri(t)di(s) where (d;)f C Lf“’ [0,1) is a dyadic martingale

difference sequence and n is proportional to log V.

1. PRELIMINARIES

Basic notation. For simplicity all Banach spaces and random variables are
assumed to be real. The Banach space of the linear and continuous operators
T : X — Y from a Banach space X into a Banach space Y equipped with the
operator norm ||T'|| :=sup {||Tz|| : © € Bx }, where Bx is the closed unit ball of X,
is denoted by L(X,Y"). For integers k,l > 0 the oc—algebras .7-',? and fldyad of Borel
sets from [0,1) are given by

FP =0 (ho, ., hy) and  FY =0 (ho, ... hoi_1)

where (hi)3® C L1[0,1) is the sequence of Haar functions. Given a martingale
f = (fi)ier, where I = {0,...,n} or I = N, we use dfy = fo and df; = fi — fi—1
for I > 1. A martingale with respect to (F¥**),c; is called a dyadic martingale.
To simplify the notation we will write A ~. B instead of %A < B < cA. We
shall often use the Khintchine-Kahane inequality for the Rademacher variables (see
[18](Theorem 4.7)) which states ||>7 ”xl||Lg<[0,1) ~eg 127 i@l x 0,1 for a Banach
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space X, x1,...,x, € X, 0 < g < 00, and the Rademacher variables r1, ..., r,,, where
¢q > 0 depends on ¢ only.

Let 1 < p <2< g < oo. A Banach space X is of type p (cotype q) if there is
some ¢ > 0 such that for all finitely supported sequences (z;);°; C X

(e %) % (e % %)
S| <e (z uw) (zw) oS
=1 Ly =1 =1 =1

As usual t,(X) := inf ¢ (¢4(X) := inf ¢). The Banach space X is of martingale type
p (martingale cotype q) if there is some ¢ > 0 such that for all dyadic martingales

f=(f)r c L¥[0,1) with fo = 0 one has
(Z ||dfl|§(> <cllfallLx
1

[fallLy <c <Z ||dfz|§(>
! 2 2

As usual Mt,(X) :=infc (Mcy(X) :=1infc).

According to a result of G. Pisier [22] a Banach space X is superreflexive if and
only if X is of martingale type p for some p > 1 if and only if X is of martingale
cotype ¢ for some g < co. For convenience we take this equivalence as an alternative
definition of superreflexivity.

Interpolation. For a compatible couple (Ey, E1) of Banach spaces, 1 < g < oo,
and 0 < 6 < 1 we recall that the interpolation space (Ey, E1)g,q is generated by the
norm

()

Ly

1
o dt\«
12/l (Eo,E1),,, = </O [t GK(x,t;Eo,El)}q ?> (z € Eo + En)

where
K(x,t; Ey, Er) := inf {||xo|| g, + t||z1]|E, | £ = 20 + 21}
is the usual K—functional (see [4]). We will use
Lemma 1.1. For all0 <6 <1 and 1 <r < oo one has
p(Eo, Ev)o.r) < cp(Eo)' ™" p(E1)
where ¢ > 0 depends on r only.

Proof. Fix 0 =19 < 11 < --- < 71, and define for j = 0,1 and G; = fgyad X ffL
the operators Tj : LY ([0,1), 71 ) — Ly ([0,1)%,G1) by

Tl L Tl
T; (Z hkxk> (t,s) := Zrl(t) Z hi(s)xy
0 1 k=141

It is known that

(BF (10,0, 74,) L (0.1, 1)), = L5007 ([0,1),71,)
and

(L0 (10.1)%.G1) . L ([0,1)%, 1)), = L0 (10,1)%,G1)

where the constants involved in the norm equivalences are majorized by an absolute
constant. Hence we get by interpolation for T' = (To, T1)e »

HT L LB (10 1), 7R Y o [E0EDer (10 1)2 g1

| <m0y’
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where ¢ > 0 is an absolute constant. Finally ||7}] < 2p,(E;) and Corollary A.2
imply the assertion. O

Similarly, for 1 < p < 2, p <7 < o0, and 0 < 6 < 1 the Khintchine-Kahane
inequality and || - ||(f'g(Eo)7é;‘(E1))9m < ol ||€2((E07E1)9,r)7 where ¢y > 0 is an absolute
constant, imply the basically known formula

(6) tp (Eo, B o) < ¢ty (Eo)' ™"t (1)

where ¢ > 0 depends on 7 only (cf. [21](Lemma 4)). Finally, from [21](Lemma 4)
and [13](Corollary 8.6) (cf. [22](Remark 3.3)) one gets for 1 < p,po,p1 < 2 and
11 _1-6 ., 6
0<9<1W1th1—)—p—0+p—1
(7) Mty ((Eo, E1)e,p) < cMtp, (EO)l_e Mty, (El)e
with ¢ > 0 depending on p, pg, and p; only.
The spaces AN (X) and V,[0,1).

Definition 1.2. For 1 < g < oo, a Banach space X, and (z;)Y¥ C X let

”(ml)lnvN X)) ‘= sup (HxTOH’”le _xT()”v"' 7”1;71 _zTL—1||) L1
N(X) ot
q

where the supremum is taken over L = 1,2,...and 1 <7 <7y <--- <77 < N.
The spaces of N—tuples (z;)Y; C X equipped with the norms ||- llo2(x) are denoted

by v} (X) and v} := v (R). The operator of summation

N

J
ol N Ué\’ is given by (&)1, — (Z €i> ’
j=1

i=1
We also use £ (X) the space of N—tuples (z;)Y; C X endowed with the norm
[(@i)illx (xy += sup; [|z;]| and set for 1 < p,q < oo with 1= % + %

AV (X) = (v (X), €5(X)) and Aév = (v, )

544 54"

In Aév we always take the coordinates arising from the standard coordinates of
v and (Y. The spaces A(JZV are dual to each other in the following sense. Because
of the map (&)Y — (Enx,én +En—1,..,EN + - + &), which acts as an isometry
between ¢V and v as well as (v)¥) and ¢Y, we obtain (see [4](Theorem 3.7.1))

(Aév)l = (’Uivvéjovo)/%,q = (éiva (U{v)/)%m = (U{vvéjovo)%@ = A;f)\f

where the multiplicative constants involved in the norm equivalences are majorized
by a constant depending on p only. Moreover v1 C (v1,o0)1 ,, € vp ([5],[23] (Lemma

2)) gives

(8) o Aév — vév

where the norms of the embeddings are again majorized by a constant depending
on p only.
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Theorem 1.3. ([23](Theorems 1 and 8)) For 1 < g < oo the following holds.
(1) Sl]\l[ptq/\Q (Aév) < oo for q # 2.
(2) There is some ¢ > 0, depending on q only, such that for all x1, ...,z € Aév
1
/
where x; = (xl(l))fvzl
(3) There is some ¢ > 0 such that for all N = 1,2, ... there is a Euclidean norm
| - || on AY such that for HY := [AY || -]
|1:AY — HY|||1:HY — AY|| < c(1+1logN).
Remark 1.4. In [23] the spaces Agq(X) := (v1(X), oo (X)), , are used where v, (X)
and £ (X) consist of (2;)7° C X and are defined in the same way as v)Y(X) and
(N (X). To get Theorem 1.3 one has to observe
1
2
so that the AY (X)) are subspaces of A1 (X) via
P

L
dt | ~ec

Ty (t)a:l
1

2
= AN

(@1, 2n,0,0, )], (x) < H(in)i]\iluvé\l(x) < [@a)Zall, x)

||(£C1, ""xN)”ALI;V(X) < ||(x17 "wa?O?O? "'>||ALQ(X) <2 ||(1'1, ""xN)HAéV(X) ’
P

Definition 1.5. For 1 < ¢ <ooand f:[0,1) — R let
[flly, = sup [(f(to), f(t1) = f(to), .. f(tL) = f(tL—1))ll 2+,

where the supremum is taken over L =1,2,... and 0 < tmg <t; <--- <ty < 1. As
usual

Val0,1) == {f € Lss[0,1) | || fllv, < o0}
The operator of integration I : L1[0,1) — V[0, 1) is given by (I9f)(s) = [; f(t)dt.
Remark 1.6. We shall use the following observation. Given a continuous function

f:]0,1) — R linear on all [si_1, s) for some 0 = s9 < 51 < -+ < sg = 1 and if
f(1) :=lims_,1 f(s), then

flly, = sup[|(f(to), f(tr) — f(to)s -, f(EL) — ftL—1))llpz+r
where the supremum is taken over all L =1,2,...and 0 <ty <t; <.-- <t <1
such that {to, ...,tL} - {So, veey SK}.
2. PROOF OF THEOREM 4

Before we prove Proposition 2.7 which immediately implies Theorem 4 we need
a couple of lemmas.

Lemma 2.1. Let || - || be a norm on R™! such that for all (X, ..., \p,) € R™HL
one has

100, .0, Aoy oos A || < [0y -os Am)|| for 1=0,...,m.
If a; ::)\l+%+~~+%forl:(),...,m, then

2
3 1Q0, s )l < (@0, ooy am) | < 2[1(R0s -, A -
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Proof. The right—hand side follows from

m

1
(a0, - am)| <> o 10,50, 20, o A 0) | < 2[1(A0, ey Al

=0

For the left-hand side we consider \; = a; — , .., m, Where a_1 = 0,

and

1 3
Aoy s Am) || < Nl(ao, ey am) || + 3 10, ag, ..., am—1)]| < 3 l(agy .., am)]l - O
Now let us fix the dyadic martingale (F});>0 C LlLl[O’l)[O, 1) given by
!
=2 ZX l1 LL k—1 2%)

so that [|Fy(t)]|,0y) =1for 0<t <1

Lemma 2.2. For 1 <p<oo0,0<t<1, and &1,....,&, € R one has

- 1 1

Sogrran()| = max{ 35 1601y 1 [o2 (10, a0}

=1 Vp Up
with ap : —)\l+>\l 1++% where )\0 = _617 )\1 = 51_527 ce A'n,—l = fn—l_fna
A =&, and (m)l 1s the sequence of Rademacher functions.

Proof. First note that 2'a; = 29+ - +2l)\l Now fix 0 <t < landlet 4; € fdyad

be the atoms such that t € A, C A,—1 C--- C Ag =1[0,1) . We obtain

doadrt) = Y NE@) =Y (2'N) 7R®) =) (2'N) xa,
=1 =0 =0 =0

= X4,2"n + XA, \4, 2" a1+ Xag\a, 2%a0
XA, 1 XA, 1\A, X Ao\ A, }
e N s CA et M
{ "A(An1\An) "A(Ao\Ay)

"NA,) 2
Furthermore, one easily sees that A;_1\A; lies to the left of A, if r;(t) = —1 and
to the right of A, if r;(¢t) = 1. Hence

1—ri(t 1—r,(t
PAE()|| = ob,. <+()ao,...,+()an_l,an,
1+rn()a 14 7r(t)
4 n—1, ) 4 0 _—

where we have used Remark 1.6. Observing

18, (o) g = s (s o)

m
UP
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lan|,

we continue by Lemma 2.1 to
1—ri(t 1—r,(t
o ((*Uao,m,#%_”

> o qIrdr(t)
=1

> max{
VP
1+ri(t 1+7r,(¢
‘aﬁ ((Tl()aOa-'-aT()an—l)>

1
3018 (@0, 1)) g 0% ((ra (a0, e (D) oy Al

max {% Haz-‘rl ((ao, ) an))Hv;}*l ) i ||U£ ((Tl (t)ao, E) rn(t)an—l))nug}

v

Y

Y

1 1
max {E Haz+l (()‘05 ) An))‘|v;"+1 ’ Z Haﬁ ((Tl(t)a()v '-'7Tn(t)an—1))|ug}

max {g 1T, i lo%, (1 (H)ao, ---,rn@)an—l))“v;} - b

Remark 2.3. (1) We apply this lemma to the restriction of I? to the F2¥*?-measur-
able functions which will be considered as o5, : 3" — vf,n. Nevertheless we have
formulated the lemma for I” to get a more transparent proof.

(2) Moreover, it is easy to see that one also has a converse inequality.

Lemma 2.4. Foralll < g<oo, N=1,2,...,0=19 <7 <72 < -+, and all
finitely supported sequences (w5)3, C £ one has

1
q q

=

2
N 0o

/1 Z Z i hi(t) (@, €:) dt [ <c(l1+1logN)
0

i=1 | I=1 |k=r_1+1

Z hk:z:k

k=0

L
where ¢ > 0 depends on q only and (e;); is the unit vector basis of £%.

Proof. Setting d; := Z;L:Tlfl"rl hrzr we derive with the help of the Khintchine—
Kahane inequality for the Rademacher averages
<Z Ty (t)dl, €i>
1=1

< 2¢pq (Z{V)
N

1

N L 2 N 1
Z(Z|<dl,ei>|> gzj/

dt

=1 \l=1 q

L L
Lt <epq (1) D>y > hiay,
k=0

1
SC/
0

L
Zrl(t)dl
=1

Lyl =1 g4 L4
and conclude with py (0)) < cgp (1) < ¢gB (Y) = cof (() < (1 +logN)
according to Corollary A.2 and Example 3. O
Lemma 2.5. Foralll < g<oo, N=1,2,...,0=19 <7 <72 < -+, and all

finitely supported sequences (z)7, C € one has
2\ % v
o0

1 Ti
/sqp Z Z hi(6){xk, e;) dt | <ey/1+1logN
0

v 1=1 |k=7,_1+1

Z hk:z:k

k=0

N
Lg>
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where ¢ > 0 depends on q only and (e;); is the unit vector basis of £ .

Proof. We can assume that o =0. Fix L>1,0=71 <17 <72 < --- < 77, and
define the square-function operator Sy : L™ ([0,1), F ) — Li ([0,1), ) (for
the notation of the spaces see the appendix) by

1
2 2
L

Saf(t):=| Y Z hyo (D)

=1 k=7;_1+1

for f = >"1" hiék with & € R. It is clear that A := S, satisfies the assumptions
(1)—(4) of Theorem A.1. Moreover, the Burkholder-Davis-Gundy inequalities (see
[12](Theorem 11.1.1)) and Doob’s maximal inequality give for ¢ > go := 2

1Aflla < v/2a < V211, <2v240 1,

)

sup E(f]| ffl)
1<I<L

Now we apply Theorem A.1(b) to the case r = 2, %, g=2and K=7,. O

Lemma 2.6. For 1 < g < oo there is a constant ¢ > 0 depending on q only such
that

p(AY) < c(1+logN)+zi .

Proof. For 0 =19 <11 < --- < 71 we define

Ty Lo ([0,1), 72 ) — Lo (%) (j0,1), 71 )

and

N
eoo

T, : L'~ ([0,1), F ) — L, () ((0,1),72)

by
T ((f(l)’ "'af(N))) = (dfl(i))L’N

1=1,i=1

where df{) =E (f@ | F1) —E ( FO fiﬁ,l) . It is known that

N

(23" (0.0, 78) 2= (0.0, 7)), =Lq" ([0,1), 7%,)

1
4

and
ol (e N (ef AN (ok
<Lq1 () ([0,1), 7). Ly () ([o, 1),ffL)> o =L (#) ([0,1), 77,)
24

where the multiplicative constants involved in both norm equivalences are ma-
jorized by an absolute constant. Identifying ¢& and v via ||(&, e €)=
1(&1, &2 — &1y oo N — §N_1)||é{v, Lemmas 2.4 and 2.5 imply some ¢; > 0, depending

on g only, such that for T'= (T, T1)1 , (note that (1 — %) + %% =14+ 21_q)
N( L

HT : L;jlév ([0,1), F1 ) — qu ) ((0,1),7)

‘ <c (1+logN)%+%.



A COUNTEREXAMPLE 1367

Now let f = (fi)k C L1 [O 1) be a martingale with respect to (F2)[, such
that fo = 0. Theorem 1.3(2) and the Khintchine-Kahane inequality imply for

dfy = (dfz l)) =1 that

Q=

L 4 :
Z)
;n(t)dfl(s) dtds < e </ H dfl ) AN (eh) ds)
< e (L HoE N L
Now we can conclude with Corollary A.2. |

Proposition 2.7. For alle > 0 there is a constant ¢ > 0 and a sequence of Banach
spaces E,, with dim(E,,) = 2" such that

(1) @, E, is superreflexive and of type 2,

(2) p(Bn) < ent e,

(3) there is a dyadic martingale g = (g1)§ C L5 [0 1) with go =0,

Z §idgi(t)

1
lgnll g <, and  —[[(€)7

L. — Ve 0<t 1

for all (§)F CR

Proof. The construction of the spaces F,, and the considerations in (i) follow the
ideas of [21]. First we apply Theorem 1.3(3) for N = 2" to get

(9) |1:AY — HY|||I:HY — AY|| <can

where ¢; > 0 is an absolute constant. Now for 1 < p <2< g<oowithl==+

let

1.1
P q

Gév = (Aév,Hév)%)p and FE, := (Gév)/.

From now on all constants ¢s, cs, ... following below will depend (at most) on p.
(i) Since % = (1 ) + 2— we deduce from (7) and Mt1(A]Y) = Mty(Hy') =1

(@GN> = sup Mt,(G)) < ¢z sup Mtl(A;V)l_%Mtg(Hév)% = co.
N=2" N=2"

Consequently P, G, N, and by duality @, E,, is superreflexive. The space
@D, E, is of type 2 smce [4](Theorem 3.7.1), (6), and Theorem 1.3(1) give

to <@ En> ]\?Egl to ((Gi,v)/) <ecs3 J\?Egﬂ to (((Aév)/v (Hév)l)gﬁq)
. — -
1_2

< ¢4 sup tg(AN) 7 < o0.
N=2n

(ii) Lemma 1.1 and again [4](Theorem 3.7.1) imply that

p(Ey) < esp (((A;V ), (H3' )')g,q) <cop(4)) "

so that according to Lemma 2.6

p(En) < C7n(1_%)(%+%) < C7n(%+ﬁ)_
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(iii) Defining 1 < @, 3 < 0o such that 1 = %—(1—5)3 nd%:§+(1—2)§
and exploiting the reiteration theorem [4](Theorem 3.5.3) it follows that
10 (ANAY),, = (), C (o), =AY C ol

aP P Be
where we used (8) and where the constants in the norm-estimates are majorized
by constants depending on p only. Interpolating the identities vfY — AN — AY
and vIV — HY — AL with parameters (2/q,p) yields together with (9) and (10)

(11) |1 vV — B! W B, — ’UNH < cgnis.
Via the isometric embeddings Sy : ¢ — Ll[O 1) and Tg : v — V,[0,1), where

v ((€)X,) NZ& _

and T'§ ((nj)j-vzl) is the continuous, on the intervals [ > N) linear function f
satisfying f(0) = 0 and f (%) =n; (with f(1) := lim;—,1 f(t)), we see that o is
the restriction of I to the Fg dy“dfmeasurable functions. Consequently Lemma 2.2

L
N

gives a dyadic martingale f = (f;)I, C L [ 1) with

I = foll g < 20l oy <2 a0d @Ry < inf

N
Vo

for all (§)7 C R, where we ‘isometrically’ pass from 0% : ¢ — vV to the identity

I:vd — oV, Using (11) we obtain a dyadic martingale g = (¢;)iy C Log [O, 1) with
go =10,
2 . "
lgullzp < 0¥ and @R, < it [[S6da)

1 E!

Now we have to arrange p and g such that % <eg a= ﬁl_g)l < 1+e¢, and
P q

1,1 1

5+ 2q <5-+e O

Remark 2.8. (1) The proof of Theorem 4 given below requires the above proposition
for those € > 0 such that + > —|— 2e. For this purpose an upper estimate by
¢(1+4log N) in Lemma 2.6 would not be sufficient.
(2) By duality it follows from assertion (3) of the above proposition that for all
n=1,2,... there is a dyadic martingale (f;)2 C L¥"[0,1) with fo =0,

nl#l»s_g
an”LEn[o 1) <1, and sup Zaldfl > 5
=+1 5 c
L2n[071)
Because of
2 2
2
(t)dfi(s) dtds > / — sup O1dfi (s ds
E 0 \/7_191 E

Z9zdfz

1
— sup

\/ﬁ9l

L¥™[0,1)
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1
1+e

o1
we obtain p(E,) > 25— Hence assertion (2) of the above proposition is nearly

optimal (for small €) if one supposes that assertion (3) is satisfied.

Proof of Theorem 4. Choosing & > 0 such that == > § 4 2¢ we take the spaces E,

from Proposition 2.7 and get (note that 1+ ¢ < 2)

2
p(E’/l) _1 /1 1+4¢ . 1+¢ e
: = t t) —ri_a(t dt
Wy 2 S | (@ +§l:23|n<> ri-a(t)]

1 nLort Bo
sup 20 <1 + ;/0 [ri(t) — ri—1(8)] dt) = 0.
Now we consider the operator T : 'y @ Fy @y -+ — FE1 @9 FEy By - -+ given by

T(x1,22,...) = <p(a;l)’ p(xgz)"")

and obtain p(7') < 1 and p(7") > sup,, pgg/z

|

= Q.

)
~

3. A CHARACTERIZATION OF SUPERREFLEXIVITY

In this section we exploit the second term on the right-hand side of Lemma 2.2.

R. C. James ([16], [3](p. 231)) proved that the non—superreflexivity of a Banach
space X is equivalent to the following finite tree property: There is some ¢ > 0 such
that for all n = 1,2, ... there is a dyadic martingale f = (f;)I, C L{[0,1) with

1 .
(12) Ifallex <1 and - < inf (o)l

for l = 1,...,n. In Theorem 3.1 below we extend this characterization to a de-
scription of the non—superreflexivity which encloses the above finite tree prop-
erty and is flexible enough to obtain lower estimates of the norms of transforms
@ : LX[0,1) — LX[0,1) given by ¢ dfi — D7 &dfy where (dfy)§ C LX[0,1) is
a dyadic martingale difference sequence, (§)? C R, and X a non-superreflexive
Banach space. The motivation of Theorem 3.1 lies in Corollary 3.3 which reproves
p(X) = oo whenever X fails to be superreflexive, but here with the right order of
magnitude of the lower estimates (see Remark 3.4).

Theorem 3.1. Let0 < r < co. A Banach space X is not superreflexive if and only
if there is a constant ¢ > 0 such that for alln = 1,2, ... there is a dyadic martingale
f=(f)r, C L¥[0,1) with

(13)  fnllex <1 and % <|€1~c|2 + > 1& —€l—1l2> <

I=k+1

> adf
=k

forallk =1,..,n, A € fgf?d with AM(A) > 0, and (&)} C R, where Ay is the
normalized restriction of the Lebesque measure A to A and for k = n one has to set

Z?:k-i—l & — fl—1|2 =0.

Remark 3.2. (1) Condition (13) implies (12) with the same ¢ > 0. To see this one
has to choose for k € {1,...,n} the sequence (&)} = (1,0,...,0) and then to check
(13) for the atoms A € Fj_1.

L¥(AX4)
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2) do not necessarily satisfy (13). For exam-
(f)ry © L1=[0,1) with fo = 0 and f(t) =
with ¢ = 1 but there is no common constant

(2) But martingales fulfilling (1
ple the dyadic martingales f(") =
(ri(t),...,m(t),0,0,...) satisfy (12)
¢ > 0 such that (13) holds true.

(3) The ¢3—norm in the right-hand side inequality of (13) cannot be replaced by
an {,—norm for p < 2. This follows from the argument used in Remark 3.4(3) and
the Khintchine-Kahane inequality.

Proof of Theorem 3.1. The ‘if’ part follows from Remark 3.2(1). To prove the ‘only’

part fix n € N and set N = 2™. Let g = (g1)§ C Lfiv [0,1) be the dyadic martingale
such that Syg; = F; for I =0, ...,n where Sy is taken from the proof of Proposition
2.7 and the martingale (F});>¢ is introduced before Lemma 2.2. Now consider k €
{1,...,n}, A € F_1 with A(A) > 0, and a sequence (§)} with §; =---=¢&,_1 =0
(for k£ = 1 we have to use obvious modifications in the following). Because o is
the restriction of I°° to the F%el-measurable functions of L1[0,1) (see the proof
of Proposition 2.7) we can apply Lemma 2.2 in the situation p = co. Since in the

notation of this lemma ag = -+ = ap_2 = 0 we obtain
- 1 dt \*
Y Godg, > - / oo s ((M(Bar—1)ig) s~
o N 4 A g /\(A)
=k Ly (A7)\A)

3l

1 1 .
! ( 15 s (@O e On ) [ dt)
1

>

(/ sup |rr(t)ag_1 + - +r(t)ai_1|" dt) )
0

k<I<n

=

Using the Khintchine—-Kahane inequality and Lemma 2.1 we continue to

n 11 n—1 % 1 n—1 %
e’} 2 _ 2
> &ovdg N > ic (Z |atl ) = 1o <Z |ai )
=k Ly (A\a) k—1 0
1 1
1 n—1 2 1 n 2
> 5 (Z |Az|2> > <|§k|2 +Y la —&_1|2> .

" 0 " k41

Now, if X is not superreflexive, then there are operators Uy € L(¢Y,X) and
Vy € L(X,vY) with 0% = VnUy, |Un| < 1, and |Vy]|| < 3 ([17](Theorem 4)),
where we have used || - ||,y <2[-[[;x. Taking fi(t) := Ungi(t) € X we obtain the
desired martingale f = (f;)3 C L:X[0,1) and ¢ = 18c;.. O

Corollary 3.3. If X is not superreflexive, then there is some ¢ > 0 such that for
alln = 1,2, ... there is a dyadic martingale f = (f;)7_, C L5[0,1) with

2
dtds
X

1 1 1
(14) | follpx <1 and —v/n < / /
’ ¢ o Jo

> rit)dfi(s)
=1
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Remark 3.4. (1) If X is of type 2, then the converse of Corollary 3.3 holds true
1
2

since
1 1,1 n
E\/ﬁg / / dtds | < ta(X) <Z|dfz||2L§>
0o Jo =1

which contradicts [[fall,x < 1 and Mcy(X) < oo for some 2 < ¢ < oo (the
superreflexivity implies finite martingale cotype, see [22]).

(2) With ¥/n instead of y/n in the right-hand side inequality of (14) and under
the assumption X is of cotype ¢ (2 < ¢ < oo) Corollary 3.3 can be found in [1] and
[11] and is used to show that X is superreflexive whenever p(X) < oo.

(3) The factor /n is asymptotically best possible in Corollary 3.3 since there are
non-superreflexive Banach spaces X of type 2. Indeed, continuing in (14) with the
type 2 inequality as in the first item of this remark we arrive at

(M

2
X

> nt)dfi(s)
=1

Vi< 20 fully < 2V (X).

(4) In general the converse of the above corollary turns out to be false. This is
a consequence of an example due to J. Bourgain [6] which gives for all 1 <p < 2 <
g < oo a superreflexive Banach lattice X, ; of martingale type p and martingale
cotype ¢ and a constant ¢ > 0 such that for all n = 1,2,... there is a dyadic
martingale f = (f;)_, C L[0,1) with

1_1

1 1
| fnllzx <1 and -n? < inf/ dt.
> c s 0

> n(t)dfi(s)
=1

X

In [6] the example is not formulated in this way. In our setting we first replace
the square function used in [6] by the Rademacher average with the help of the
Khintchine-Kahane inequality. Second, one has to observe the estimate e < 2n~'/?
for the € > 0 occurring in [6](Lemma 4). Finally we switch from the upper and
lower estimates to the moduli of smoothness and convexity by a result of T. Figiel
and W.B. Johnson (cf. [19] (Theorem II.1.£.10)) and to the martingale type and
cotype via Pisier’s result [22](Proposition 2.4). In the latter step we additionally
use Theorem A.1(a) for the martingale cotype and (for example) [13](Corollary 8.6)
(cf. [22](Remark 3.3)) for the martingale type.

(5) The order of magnitude of the factor nyu in Bourgain’s example is optimal
since martingale type p and martingale cotype ¢ imply for §; = 41 that

> oudf, > dfi
=1 =1

Q=

< Mty(X)Mey(X)nv~
Lx

Ly

4. PROBLEMS

Problem 4.1. What classes C of finite—dimensional Banach spaces allow an esti-
mate

p(X) < /1 + log(dim(X)) ta(X) (X €0),

where ¢ > 0 depends on C only?
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The above problem is motivated by inequality (4) from the introduction. An
investigation of this problem could provide an alternative approach to and im-
provement of Lemma 2.6 (in particular for 2 < ¢ < c0). Up to now we prove this
assertion without the usage of the type 2 properties of Aév .

Problem 4.2. Is there a Banach space X with p(X) < oo but f(X) = c0?

APPENDIX A. EXTRAPOLATION TECHNIQUES

Given (fx)X | C L1]0,1) adapted with respect to (]—",?)szl and 1 < r < oo we
set

fr) = sup sup fi— fr—1
[l ogkglgkcefgawm” e

and

K
_ = su su — _
H(fk)k—luBMOmpr OSI‘JS?SK Ce}'}ggtom”fl fk 1||gsz(C,AC) ;

where f_1 = 0, A\¢ is the normalized restriction of the Lebesgue measure A to C,
and

Iglleap, := inf {c > 0| Eel'®) < 2} for g e Li(,F,P)

and a probability space [Q,F,P]. From A.M. Garsia [12](IIL.1.4) (see also [13]
(Corollary 4.8)) it is known that there is some absolute ¢ > 0 such that
(15) -l Bazo ~e ”'”BMOCZPI :

Finally let

L9* ([0,1), F) == {f € L{[0,1)| f is F}—measurable and of mean—zero}
and

LY ([0,1), Fy) :== {f € L1]0,1) | f is F}~measurable and non-negative} .
The following extrapolation result has its origin in [10], [9], [14], and [13].

Theorem A.1. Assume that A : L% ([0,1),Fr) — LT ([0,1),F), where K > 1
is fized, satisfies the following properties:

(1) A(f) = A(=F).
(2) A(f +g)(t) < Af(t) + Ag(t) for allt €[0,1).
(3) Af(t) = 0 for all t € [0,1) such that Eszl hi(t)||zkl| = 0, where f =

>yt P
(4) Af is Fh-measurable whenever f is Fl'-measurable (k =0, ..., K).

(a) If there is some 1 < q < 0o such that for all f € L9 ([0,1),F%)

1Aflly < 171l
then for all 1 < p < oo there is a ¢, > 0, depending on p only, with

Af®

(e 10X (10.1). Fh) .
Szgll) 1+ ].Ogl fOT’ all (f )121 - 1 ([Oa )7-7:[()

p

<¢
p

(b) If there are 1 < qo,r < 00 such that for ¢ > qo and f € L(lJ’X ([0,1),F%)
1Afll, < vl

sup || £ ]| x
i>1
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then for all 1 < p < oo there is some ¢ > 0, depending on r, qo, and p only, with

Af®
su
izli) v1+log1

Proof. We give the main details. Let 0 < k <1 < K, C € F} be an atom, and
C e _7-',?_1 be the unique atom containing C' if £k > 1 and C := C if k = 0. For
fk =E (f| .7:]?) and f_1 =0 we get [A(fl — fk—l)] ch =A ([fl — fk—l] X@) from

|A(fi = fro—1) = A (i = fe—alxa) | < AU = frma] [T = x&])

and (3). Hence for 1 < ¢ < 0o we deduce

|Af = Afk—1||Lq(c,,\c) < JA(fi- fk—l)HLq(C)\c)
< 2[0A(fi— fk—l)”L J(C2g)

2)\() ||A(fz fk—l)Xé)HLq[m)

as well as A (C) ||(fi = fe—1 XCHLX[O <2 Hf||LX (0,1) - We obtain in (a)
|Afi - Afk—lnLl(c)\c) <4 Hf”ng[O,l)

for all (f)2, L?’X ([o, 1)7-7'_Ih<) .
p

SUt10||f“ Ix

| =<l

IN

and in (b)

[Aft = Afe—1llL, (. r0) < 4| fl
\T/a < Lxjo,1) -

q>q0

Because of (15) we deduce for (a)

||(Afk)kK:OHBMO ScleHLg(oa

expy

. . Il 0,2,
where ¢; > 0 is an absolute constant, and since sup % ~egor I leap,

with ¢4y, > 0 depending on ¢go and r only, we deduce in (b)

H(Afk)é(:OHBMO SCTHf”Lg(ou

expr
where ¢, > 0 depends on r and ¢o only. Now we simultaneously treat assertions (a)
N
and (b) and introduce A, B : L?’Z""(X) ([0,1),F) — LT ([0,1),F%) by
AF9(t)
AF(t) := sup ————=
®) 1§1‘§pN v1+logi

and

BF(t) := sup [||Fk(t)||€évo(x) + HdFkH(t)llggo(X)}

where F' = (fM, ., f™) and F, = E(F|F}) (for K = 1 simply use BF =
[[F1llex (x))- Applying [13](Theorem 1.5) yields

K
Af
Ml - [(22 A
H(A Eieo BMO.ap, (1;15\] v/1+logi

k=0l BMOup,

N

)

< ¢ sup H Afkl
1<i<N

’f 0| BMO.ap,
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where ¢/. > 0 depends on r only, so that

’(AFk)kK:oH

< (2) < BF )
s, St étlgv 1N ex 0,1y < crerllBE L o0,1)

expyr

Identifying L?’Z‘J’\;(X) ([0,1), F&) with the set of all (hxzy)E where ), € (4 (X)
with ¢ = 0 we can apply [13](Theorem 1.7, Proposition 7.3) on A and B (the point
is that B is monotone and predictable in the sense of [13]) and get

IAFlp < eprrer|BFlp

where ¢, > 0 depends on p and r only. Now the assertion follows from

IBF[, <3

3p
sup || F; < L _F
lip” ellex (x) _p—lH I\Léyo<x>

P
(which is a consequence of Doob’s maximal inequality) and N — oo. O

Corollary A.2. For all 1 < q < oo there is a constant ¢, > 0 such that
1 1
SBu) < 5a) S o) and —py() < pa() < capal).
q q

For the quantities 8,(X) this is proved in [20]. This also follows from character-
izations of the UMD-spaces proved by D.L. Burkholder; see [7]. For pq(X) this is
stated in [11]. The reader can easily deduce Corollary A.2 from Theorem A.1(a),
where one has to use for the quantities 3,4(-)

K K
1
Al )= g [
and for p,(+)
N

L X L .
A ;hk$k (s) := pQET) /0 ;rl(t) Z hi(s) Tz, dt

k=7;_1+1

and the Khintchine—-Kahane inequality.
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